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On DynamicaI Methods of Heat Integration 
Design 

Perturbation theory is utilized in order to examine the change in sta- 
bility characteristics due to heat integration between process units. Dy- 
namical rules of design are obtained in order to select the unit integrations 
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with the most desirable stability characteristics. The integration of -noniso- 
thermal CSTR’s with endothermic and exothermic reactions is examined in 
detail. I t  is shown that heat integration can make the endothermic reactor 
more stable if it increases the slope of the heat removal line for this reac- 
tor. On the other hand, the stabiliiy of exothermic reactors tends to increase 
when heat integration moves the slope of the heat removal line for this 
reactor closer to a characteristic value. Approximate values are also calcu- 
lated for the critical amount of heat integration which makes the system 
unstable. 

SCOPE 
Owing to higher fuel costs, the interest on heat in- 

tegration between different process units has increased 
in recent years (Mah, 1975; Rathore, Van Wormer, and 
Powers, 1974a, b). Such tighter unit integration results 
in changes in the dynamical characteristics of the process. 
Existing methodologies for the design of heat integration 
networks have focused only on the steady state charac- 
teristics, with an aim to obtain the heat integration 
design that will save the maximum amount of heat. 
In  order to examine the dynamical characteristics of the 
resulting heat integrated processes, current methodologies 
require the separate examination of each heat integra- 
tion design. This approach becomes quite cumbersome 
in view of the large number of possible designs that 
might need to be evaluated. Furthermore, extensive nu- 
merical calculations do not always provide important in- 
sights into the reasons of change of dynamical character- 
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istics. I n  an important contribution, Gilliland, Gould, and 
Boyle (1964) have shown that material recycle in a chem- 
ical reactor-separator system results in a lesser stable 
process. Based on this analysis, it has been assumed that 
unit integration, either through material recycle or by 
heat integration, will always lead to less stable processes. 

There appear to be three major questions that have not 
been addressed in the past with respect to the change in 
the dynamical characteristics of processes caused by unit 
integration. Does unit integration always lead to less 
stable processes, and if not, when does it not? How much 
integration can be allowed before the change in dynamical 
characteristics is significant? Particularly, how much in- 
tegration is possible before the system becomes unstable? 
Can simple dynamical rules of design be developed to 
guide in the selection of those unit integrations that lead 
to processes with the most desirable dynamical character- 
istics? The present paper addresses the above three ques- 
tions with respect to heat integration. In order to gain 
the maximum possible insight into the causes of dynam- 
ical change, a perturbation theory approach (Kato, 1963) 
is proposed, and the heat integration of endothermic and 
exothermic reactors is examined in detail. 
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CONCLUSIONS AND SIGNIFICANCE 
In order to examine the dynamical effect of heat in- 

tegration in a systematic way, in which important physical 
insight is obtained, a perturbation theory approach is 
proposed. In such an approach, the eigenvalues of a heat 
integrated system are expressed in a power series expan- 
sion with respect to the measure of heat integration. I t  
is shown that the coefficients of this expansion can be 
related directly to the dynamical characteristics of the 
initial unlinked process and the new cause and effect 
phenomena introduced by the heat integration design. 
As a result, extensive calculations of dynamical charac- 
teristics for different levels of integration are significantly 
reduced. Simple inequalities are obtained that indicate 
the initial trends of change in the dynamical character- 
istics. I t  is shown that under certain conditions heat 
integration can increase the stability of the initial system. 
In particular, it is shown that in most cases if the inlet 
temperature, in the heat exchanger of the unlinked reac- 
tor with the largest eigenvalue, is smaller than the oper- 
ating temperature of the other reactor, heat integration 

stabilizes the system, initially. Simple dynamical rules 
of design are developed that can be readily used in the 
selection of those unit interactions that result in proc- 
esses with the most desirable dynamical characteristics. 
Furthermore, the solution of a quadratic equation is pro- 
posed for the approximate evaluation of the critical 
amount of heat integration that makes the system unstable. 
While specific attention is paid to the heat integration 
of CSTRs which require an addition or removal of heat, 
the perturbation approach proposed is applicable to cases 
of heat integration between any other process unit whose 
dynamical characteristics are represented by a set of ordi- 
nary differential equations. The specific dynamical rules 
of design developed hold true for all cases of heat in- 
tegration between units whose dynamical characteristics 
are represented by two differential equations, one of which 
represents a heat balance. Their validity in more general 
cases can only be conjectured. Simple error bound cri- 
teria are developed for the estimation of accuracy of the 
approximate results. 

In order to facilitate the development of the analysis, 
focus is placed on the heat integration of two CSTR’s 
with simple irreversible, exothermic, or endothermic reac- 
tions, and a general reaction rate. As it becomes clear 
through the analysis, the exothermicity or endothermicity 
of the reaction will be implicitly used. There are two 
basic assumptions for the results to be valid. Hrst, that 
one of the units requires a heat input and the other 
requires removal of heat. Secondly, that the dynamical 
characteristics of Loth unlinked units are described by 
two differential equations. This enables the analytical 
expression of the eigenvalues of the unlinked process. 

In the following sections the dynamical Characteristics 
of the unlinked system are given, and the design of the 
linked heat exchanges is examined in order to assure 
that the steady states of the reactors remain uncliangcd. 
The dynamical characteristics of the linked process are 
examined through the linearized dynamical equations. Per- 
turbation theory is then utilized to examine the change 
in dynamical characteristics. 

THE UNLINKED SYSTEM 

Let us consider the equations describing the dynamical 
characteristics of two CSRT’s. In the first reactor, an 
endothermic irreversible reaction Al + Bl and in the 
second an exothermic reaction Az + Bz takes place. The 
transicnl mass and heat balances are then given by 

+ (-AHz)Vzrz + m z ( T ~ 2  - T z )  (4) 

where rl = rl(AI,  T1) and r2 = rZ(A2, T z )  are the 
irreversible reaction rates for the two reactions. Also note 
that we have let (Douglas, 1972) 

If the time derivatives are set equal to zero, the alge- 
braic equations describing the steady states of the system 
are obtained. At the steady state, the energy transferred 
from the heating coil to the endothermic reactor is 

Qls = ~ ~ ( T H I  - TI,) > 0 calls (6) 

and the energy transferred away from the exothermic 
reactor by the cooling coil is 

Qzs = -mz( THZ - Tzs)  > 0 cal/s (7 )  

Since the arithmetic mean approximation of the driving 
force is assumed in deriving Equation ( 5 )  (Douglas, 
1972), the exit temperature of both heat exchangers 
is given by 

THi ( i  = 1 ,2 )  2 1 - Ki4Hi 
1 + &qHi 

TE( = Ti, - 
1 + Ki9Hi 

(8) 

In order to save energy, some of the heat required by 
the endothermic reactor could be provided by the heat 
removed from the exothermic reactor. This can be ob- 
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EN DOTH ER M IC REACTOR EXOTHERMIC REACTOR 

AI *B I  42- B2 

Q t  Q 2  

( o f  No Heot Integrat ion 

TI F T2  F 

( b )  Part ic l  Heat  Integration 

T2 F T2 F 

( c )  Total  Heat Integration 

Fig. 1. Schematic representation of the heat integration network 
between two CSTR's: fa) no heat integration, (b)  partial heat inte- 

grotion 0 < 3 < 1, (c) total heat integration r) = 1. 

tained by heat integrating the two reactors through the 
design of a linked heat exchanger (Figure Ib) . 

DESIGN OF THE HEAT INTEGRATION NETWORK 

At first, a dimensionless parameter 7 is defined as the 
measure of heat integration, so that qQ1, represents the 
amount of heat input to the endothermic reactor pro- 
vided by the linked heat exchanger. The independent 
heat exchanger then provides the endothermic reactor 
with heat equal to (1 - q ) Q l s .  Thus, when q = 0, 
the linked heat exchanger is nonexistent, and Equations 
(1) and (3) model the endothermic reactor. On the 
other hand, when q = 1, all the heat to this reactor is 
provided by the linked heat exchanger (Figure lc). 
This is true only when the first reactor is the one with 
the smallest amount of heat exchange (Q1 < Q z ) .  For 
the sake of convenience, and without any loss of 
erality, it will be assumed that this is true. The 
where Q 1 Z  Qz can be treated in a similar fashion. 

and (4) should be substituted by 
When heat integration takes place, Equations 

dT1 
dt 

PlCplV1- = qlcplpl (TI, - Ti) + ( -AH,) Vlrl 

gen- 
case 

(3)  

(9) 

A A A  A 
Here ml, 1 ~ 6 2 ,  m3, and m4 are defined by equations 

similar to Equation ( 5 )  and depend on the measure 
of heat integration 7. 

In order for the linked system to have as a steady 
state solution that of the unlinked system, the following 
equations have to be satisfied: 

A A 
Qis = m i ( T ~ i  - Ti*) + ~ ~ ( T H s  - TI..) 

-Qz8 = m ~ (  T H ~  - T 2 s )  + m4( T H ~  - 7'2s) 

These ensure that the same amount of heat input or heat 
output from (or to) each reactor will remain the same. 

For each value of the heat integration measure q, we 
let the flow rate and the heat transfer area of the inde- 
pendent heat exchanger in the endothermic reactor vary 
as follows: 

A A 

h A 
q H 1 =  (1  - 'I)qIf1, s1= (1 - d S 1  

It then follows that 

A 
m1 = (1  - dm1 

We also let 

A A 
qHi = qqfff, Si = TSf ( i  = 334) 

where q H 3  and S3 are the flow rate and heat transfer 
area of the linked heat exchanger in the endothermic 
reactor at maximum heat integration. Thus 

A 
mi = qmi ( i  = 3,4) 

If the heat losses in the part of the linked heat ex- 
change network outside the two reactors are neglected, 
it follows that 

TE, = TH4 and T E ~  = THS 

where T E ~  and T E ~  are given by Equation (8) (if we 
assume that T3s = T1, and T4* -= Tzs) and are inde- 
pendent of the value of q since 

A A  A h  
qH3& = ~ H S &  qH4& = qH4K4 

A heat balance around the linked exchangers yields for 
all values of 7 

Qls = %(TH3 - TI,) = -"(TH~ - T2s) 
and 

u3s3 

2 Qls = - ( T H 3  + TH4 - 2T1) 

If T H 3  + TH4 is eliminated from the above equations, it 
follows, after some simple manipulations, that 

Qls = mo(Tzs - Tis )  (11) 

where m, is the mean harmonic of W3S3 and U4S4: 

l/mo = 1/W& + 1/U4S4 

Then, the flow rate and the area of the independent heat 
exchanger in the exothermic reactor are assumed to de- 
pend on q as follows: 
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A A 
4 H 2  = (1 - 7d)qH2, i SH2 = (1 - ?d)SH2 

It  follows that 
A 
m2 = (1  - qd) m2 

The following relation is necessary in order for the steady 
state concentration and temperature of the unlinked exo- 
thermic reactor to satisfy the steady state equation of 
the linked system for all values of the measure of heat 
integration: 

(1 - ?d)m2(TH2 - T 2 s )  - @o(T2s - Tls) 

= mZ(TH2 - T2s) 
From this it follows that 

Since 1 - ,pl should be positive for all values of 7 
between 0 and 1, it follows that d should be smaller 
than one, and thus Qls < Q z s .  If the reverse relationship 
is true, the design 01 the heat exchange network should 
be started from the exothermic reactor. 

The set of differential equations representing the linked 
system is composed of Equations (1) and (2) and the 
following heat balances: 

+ (1  - ?d)m2(TH2 - T2) - 7mo(T2 - Tl) (14) 

In the following section, these equations will be made 
dimensionless and will be linearized in order to examine 
the stability characteristics of the state of the system at 
different values of the measure of heat integration. 

LINEARIZED DYNAMICAL MODEL 

If concentrations and temperatures are made dimen- 
sionless with respect to their inlet values at each reactor, 
and time is normalized with respect to the residence 
time of the exothermic reactor, the dimensionless i'orm 
of the dynamical equations becomes 

d 2  - = 1 - e2 + & D ~ R ~ ( c ~ ,  e2> 
dr 

+ (1 - 7 d K 2 ( e H 2  - e2) - - W e )  (18) 

The endothermicity of the fist  reaction implies that 
& is negative while p2 is positive, since the second reac- 

tion is exothermic. If the subscript s is used to denote 
the steady state values of dimensionless concentrations 
and temperatures, the deviations, x;s, from the steady 
state values can be defined, and the linearized differential 
equations describing the dynamics of the system close 
to its steady state are given by 

dx 
& -  
-- - A(+ 

where x is a four-dimensional vector, and 
matrix with a linear dependence on 71: 

A(?) is a 4 X 4 

The eigenvalues A(?) of A(?) - can now be calculated 
numerically for different values of 7, and eigenvalue VS. 7 
plots can be constructed in order to examine the change 
in dynamical characteristics due to heat integration, If 
different heat integration designs are possible, such cal- 
culations need be repeated for all designs in order to 
select the one with the most favorable dynamical charac- 
teristics. While quantitative information of the dynamical 
Characteristics of the linked system is thus obtained, 
extensive calculations are required in order to develop a 
fundamental understanding of the reasons of change in 
dynamical characteristics. 

CHANGES IN THE STABILITY CHARACTERISTICS DUE 
TO HEAT INTEGRATION 

In order to avoid excessive numerical calculations and, 
more importantly, in order to develop a deeper under- 
standing of the reasons affecting a particular change in 
dynamical characteristics, perturbation theory (Kato, 1963) 
will be utilized. Then, A(?)  is expanded in a power 
series of 7, and if 7 is initially assumed small, an order 
of magnitude eigenproblem (Georgakis, 1977) can be 
defined and solved. 

If the unlinked reactors have simple eigenvalues, A (7) 
can be approximated by 
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A(?) = Ao + 711 + 7% + . . . (23) 

where A0 is the eigenvalue of A = A(O), and A1 is given 
by (Georgakis, 1977) 

VTBU - (V,&l) 
VTU (v,u) 

k 1 = L - -  

Here, u, vT are the eigenvector and eigenrow of A cor- 
responding to ko. Formulas for the calculation of A2 have 
also been given in the form of (Georgakis, 1977) 

where (A0 - Ad)+ is the pseudo inverse of (A0 - - A d ) .  - 
If ho,2 represents an eigenvalue of the unlinked exo- 

thermic reactor, the corresponding first correction term 
hl.2 is 

- - 

1 0 0 0 0  

or 

(26) 

Similarly, if ho,l represents the eigenvalues of the un- 

b44 ( A0.2 - a331 
Ai,z = 

( A 0 3  - a331 + a43a34 

linked endothermic reactor, A1,1 will be given by 

Then, the sign of the real part of corresponding to 
the largest of A0,( will indicate if heat integration initially 
(that is, small 7) stabilizes or destabilizes the system. 

As can be seen in the example to be presented in a 
latter section, the linear expansion of A accurately repre- 
sents the actual eigenvalues only for small values of heat 
integration. As 7 increases, higher-order terms in the 
power expansion of Equation (23) need be calculated. 
Using Equation (25), we find that 

b42b24(all - A0.2) 
12.2 = - - 

1 + l {  gz (a11 - x0.2) ( a 2 2  - A o , ~ )  - a 1 2 a 2 1  

for the exothermic reactor and 

for the endothermic reactor. 
The sign of the real part of A2,i plays a similar role as 

that of X1,i. If ReAz,i < 0, then the function A ( ? )  is con- 
cave downward, and the system is more stable than pre- 
dicted by the first-order approximations. If ReXzj > 0, then 
A(q) is concave upward, and the system will be less 
stable than predicted by the linear approximation. With 
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this second-order term at hand, the critical value q, of 
the measure of heat integration can be calculated. This 
value will indicate when a previously stable system be- 
comes unstable. This calculation will be an approximate 
one, since higher than second-order terms in the expan- 
sion are neglected. The quadratic equation to be solved 
has 

( R e A 2 ) q c 2  + (ReAd7, + (ReAo) = 0 (30) 

where ReA indicates the real part of A. For the four dif- 
ferent branches of eigenvalue functions A ( ? ) ,  there will, 
possibly, be as many values of T~ calculated. The one of 
interest here is the smallest of those in the interval (0, 1) .  
If none of the calculated values vc lies in this interval, 
it can be concluded that the second-order approximation 
to Equation (23) indicates that the system will be stable 
for all values of the measure of heat integration. 

For the case where the second correction term h2 has 
not been calculated, a crude approximation of ?c can be 
obtained by 

vc=  - Ao/A1 

if A0 and A1 have opposite signs. 
In order to assess the stability of the heat integrated 

system, the largest of the eigenvalues of the system need 
be examined in detail. This eigenvalue would, most likely, 
correspond to the larger eigenvalue of the initial unlinked 
system. Caution should be exercised in the case where 
the largest eigenvalue decreases, while the second largest 
increases and becomes the dominant one at some value 
of the measure of heat integration. 

DYNAMICAL RULES OF DESIGN FOR HEAT 
INTEGRATION NETWORKS BETWEEN CSTR'S 

By use of Equation (22) as well as those giving A0 

in terms of the aiis (i, i = 3, 4), we can now write 
Equation (26) as 

where 
- 4a34a43 

(a33 - a44) 
wz = 

and 
r2 = Sgn (a& - a33 1 

with the positive sign of Equation (31) corresponding 
to the largest of the eigenvalues of the unlinked exo- 
thermic reactor. At first, if A0,2 is complex, it follows that 
w2 > 1, and A 1  is complex. Then, sgn(ReA1) = sgn(dL2 
- L4). If w2 < 1, the h i s  and Al's are real, and sgn(A1) 
= sgn(dL2 -- L4) is true for the largest of the corres- 
ponding Aos unless 0 < lo2 < 1 and a33 > ad4, in which 
case sgn(A1) = - sgn(dL2 - L4). Equations ( 7 ) ,  ( l l ) ,  
and ( 12), then imply that 

Qls m2 m0 

Qzs p z c p z q z  P Z C P ~ ~ Z  
dL2 - L4 = -- - - 

Since the second reactor is cooled, it follows that 
TH2 < T 2 s .  On the other hand, thermodynamic argu- 
ments require that TBs be higher than TlS  for heat in- 
tegration to be possible. Then, the sign of dL2 - L4 
is identical to that of ( T H ~  - T l s ) ,  By the use of Equa- 
tions ( 2 2 ) ,  we have 
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With & > 0, owing to the exothermicity of the reaction, 
wz is positive for all reaction rates Rz(C2, T , )  for which 
RzeR2c is greater than zero. By simple algebraic manipu- 
lations, it can be seen that wz is greater than unity if 
and only if the following inequality is satisfied: 

Then it follows that 0 < wz < 1 and a33  > a44 are both 
true only when 

and then the sign of A1 is the same as that of TI, - T ~ H .  
In conclusion, heat ifitegration decreases the real part 

of the largest of the two eigenvalues of the unliked 
exothermic reactor if and only if 

(Tls - THZ) (LZ - D Z ( a +  -)')< 0 ( 3 4 )  

Otherwise, heat integration destabilizes the exothermic 
reactor. 

If we now examine the perturbation h1.1 of the eigen- 
values of the unlinked hrst reactor, Equation (27) 
should be used instead of Equation ( 2 6 ) .  After some 
simple algebraic manipulations, it follows that 

where the positive sign corresponds to the largest eigen- 
value of the unlinked system, and 

w1= - - 4a21a12 - 4 ~ i D t 2 R i ~ R i e  
(all - azz)2 (DiRt ,  + BtDtRie - Li)' 

ri = sgn(azz - ati) = sgn (BiDtRte + DiRic - L t )  

and 

L1 - L3 = Qi - Qi 

PlCplql(TH1 - T1.s) Plcplql(T2s - Ti,)  

- Qt (Tzs - Ti,)  
--a 

Plcplql (TH1 - Tts) (TZs - Ti , )  

If the reaction in this reactor is endothermic (Pi < 0) ,  
when w1 is negative for reaction rates that satisfy RicRle 
> 0. Then it can be concluded, irrespectively of the sign 
of a22 - all, that the sign of At is the same as that of 
L1 - L3. Since we assumed the reactor is heated up 
( T H ~  > TI,) and operates at a lower temperature than 
the second one ( T 1 ,  < TZs) ,  it follows that the sign of 
A1 is always the same as that of Tzs - THI, and the 
first reactor is stabilized < 0) by heat integration of 

THI > TZS (35) 
In the case where the reaction in the first reactor is also 
exothermic (fit > 0, w1 > 0) but still requires heat input, 
by arguments used previously for the second reactor at the 
beginning of this section, it can be concluded that the 
first reactor is stabilized when 

(TH1 - TZs) (L1 - O l ( 6 - k  dBm2) < 0 ( 3 6 )  

The slope of the heat removal line is proportional to 

Wl(7) = 1 + (1  - 7 ) L l  -t TL3 = 1 + L1 - T(L1 - L 3 )  

( 3 7 )  

1 + (1 - $)Lz + 7L4 = 1 + Lz - q(dL ,  - L4) 
( 3 8 )  

for the first reactor and proportional to 

~ ( 7 )  

for the second reactor. Then our previous results can 
be stated as follows with the help of the above defini- 
tion of the slopes of heat removal line. Endothermic 
reactors become more stable when heat integration in- 
creases the slope of the heat removal line. This is true 
since we showed before that Rehi < 0 requires L1 - L3 
< 0, and from Equation (37) it follows that u1 increases 
with 7. On the other hand, it follows that exothermic 
reactors have a characteristic value for the slope of the 
heat removal line, equal to uzQ = 1 + 02(dK + 
v'=)~, and become more stabilized the closer heat 
integration moves their actual slope uZ to the uZQ value, 
This can be seen from Equation ( 3 4 ) ,  where if 

Lz > D z ( V R T +  d m 2  

4 0 )  > UZ0 
or equivalently 

increased stability (Rehi < 0) is pbtained by THZ > TI, 
which implies that dL2 - L4 is positive, and therefore 

-22(7?) <T2(0) 

By the same argument, it can be shown that uz(0) < 52' 

implies ~ ( q )  > ~ ~ ( 0 )  for increased stability in the 
reactor upon heat integration. 

EXAMPLE 

In order to illustrate the general arguments presented 
in the previous sections, the heat integration of an exo- 
thermic reactor with one of two available endothermic 
reactors is considered in detail, Both endothermic reac- 
tors require the same amount of heat input per unit 
time through their heat exchangers, while the exothermic 
one requires a larger amount of heat removal per unit 
time. From the steady state point of view, the same 
maximum amount of heat can be transferred from the 
exothermic reactor to each of the endothermic reactors. 
Depending on which of the endothermic reactors is 
involved in the design of a heat integration network, 

REACTOR 2 REACTOR 

t 
P I  ; I 2  3 2 K C A L I S E C  

r2 = 378.~ 

P2 =2168KCAL/SEC 

TIF=312.K 

T2 =300'K DESIGN B 

01 = 12.32 K C A L l S E C  

Fig. 2. Schematic representation of the heat integration designs A 
and B between a given exothermic reactor with a heat removal rate 
of 21.68 kcal/s and one of two endothermic reactors with different 
operating conditions but identical heat input requirements (12.32 

kcal/s). 
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TABLE 1. PARAMETERS FOR mix THREE RE~CTORS 

0.0 

-0.2 

Vari- 
ables 

AS2 
L 

_ _  - 
EXOTH ER M I C 
REAL PART 

- 
- 

Units Exothermic reactor Endothermic reactor A Endothermic reactor B 

r- 
10.1 

l/S 
1 
gmole/l 
gmole/l 
"K 
"K 
"K 
l / S  
cal/gmole 
cal/gmole 
gr/l 
cal/(g "K) 
cal/(s OK mz) 
m2 
I/S 

1 
1 360 

8 
1.455 

294 
318 
378 

16 670 
11,023 

801 

150 

1.44 x 107 

0.75 

2.81 
1 .o 

1 .o 
998 

.21680 
-0.024 + 1.3241 
-0.024 - 1.3241 

2.4 
1200 

5 
1.643 

350 
348 
325 

15 OOO 
-7 860 

850 
1 

150 
4.87 
1 

098 
1 

12 320 

5.0 x 107 

-1.128 
-5.402 

2.4 
1 200 

5 
1.260 

312 
315 
300 

15 000 
-4 107 

850 
1 

150 
9.31 

5.0 x 107 

1 
998 

1 
12 320 
- 1.258 
-5.606 

two designs are possible (Figure 2) .  First-order, irre- 
versible reactions are assumed to take place in each 
reactor, and the unlinked system parameters are given 
in Table 1. In the Same table, the eigenvalues for all 
three independent reactors are given. The second endo- 
thermic reactor differs from the first endothermic reactor fleA(7) = ReAo (ReAl)? (Reid+ . - .  

With the help of Equations (31), (32), and (28), 
it is calculated that the real part of the largest of the 
eigenvalues of the linked system corresponds to the real 
part of the eigenvahes of the exothermic reactor and de- 
pends as follows on q for design A 

only in the values of Ti, TH, Ts, AS, ( -  AH) and S. = - 0.024 - 0.0231 - 0.0057z + . . . (39) 

DESIGN A 

EXOTHERMIC A ,o 
REAL PART 

-1.40 
Cn NEGATIVE IMAGINARY PART w T 
2 -2.85 c 
5 

W -2.95 
c3 

FNOOTHFRMIC 

-3.05 

1 I I 
0.0 0.2 0.4 0.6 0.8 I .o 

MEASURE OF INTEGRATION 

-14.70 

Fig. 3. Voriation of the exoct ond opproximate dominont eigenvolue 
calculations of designs A ond B with respect to the measure of heat 

integration q. 
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0.2 t DESIGN B 

-1.4 NEGATIVE IMAGINARY PART 
3 

> z 
w 

A,Q i -2.8 

$ -3.0 - 

-3.2 - 

-3.4 

-15.2 

-15.4 I I I I I I 
0.0 0.2 0.4 0.6 0.6 I .o 

Fig. 4. Variation of the exoct and approximate calculotions of dl 
four eigenvolues of design A with respect to the measure of heat 

integrotion q. 
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eouNo / -  

-0 05 

0 0  0.2 0 4  0 6  0 8  10 
MEASURE OF INTEGRATION 

0'05 t 
-0.101 I I I I I 

0.0 0.2 0.4 0.6 0.8 10 
MEASURE OF INTEGRATION 

Fig. 5. Variation of the exact and approximate calculations for all 
four eigenvalues of design B with respect to the measure of heat 

integration q. 

and as follows for design B 

Reh(7) = Reho + (Rehl)v  + (Rehz)+ + . . . 
= - 0.024 - 0.03% - 0.002$ + . . . (40) 

In Figure 3, these eigenvalue approximations (Q) are 
presented for values of 7 between 0 and 1 along with 
the linear approximation ( L ) ,  A,, + A1?, and the actual 
values (A) calculated directly through matrix A ( 7 ) .  It 
is clearly seen that the coefficient of the linearterm h1 
has opposite signs for the two designs, indicating a 
strong preference for design A as a more stable one. 
This is due to the fact that for small values of the mea- 
sure of heat integration, where the linearized dependence 
of the eigenvalues on 7 is quite accurate, the linked 
system becomes more stable than the unlinked system. 
This is an unexpected result, since it has been implicitly 
assumed in the past that heat integration always results 
in processes less stable than the initial ones, This in- 
creased stability of the linked system is observed for 
all values of 7 for design A. 

The value of hz is negative in both cases, which in- 
dicates that the system becomes more stable for large val- 
ues of 7, than the linear approximation predicts. 

The maximum value of 7, being equal to one, cor- 
responds to total heat integration (Figure l c ) .  The value 
of h(1) is approximated by Equations (39) and (40) 
to be equal to -0.052 for design A and 0.013 for design 
B, while the exact values are equal to -0.0522 and 0.0113 
correspondingly, At the same time, the critical values 
for design B is equal to 0.633 while its approximation from 
the second order expansion is equal to 0.636. I t  can be 
easily concluded that design A results in more desirable 
dynamical characteristics for the heat integrated system 
than design B for a given value of the heat integration 
measure 7. At the same time, design A allows total heat 
integration without destabilizing the initially stable system. 

In both designs, the negative value of k2 is quite de- 
sirable. In design A it increases the stabilizing effect of 
the negative sign of hl. 

In Figure 4 the dependence on 7 of all four eigenvalues 
for design A are presented. It is seen that the linear 
approximation (L) quite accurately indicates trends of 
changes in the dynamical characteristics of the linked 
system and accurately approximates the system eigen- 
values for the whole range of 7 values. The accuracy of 
the quadratic approximation (Q) is larger, as expected. In 
some cases it is difficult to distinguish the Q curves from 
the A curves that represent the actual eigenvalues. Inspec- 
tion of the parameter values in Table 1 indicates that in- 
equality (34) is satisfied, which guarantees the initial 
decrease with 7) of the real part of the largest eigenvalue 
of the exothermic reactor, On the other hand, inequality 
(35) is not true. This implies an increase with 7 in the 
largest of the eigenvalues of the endothermic reactor. 
Both trends are observed by the numerical results pre- 
sented in Figure 4. 

The corresponding calculations of L, Q, and A curves 
for design B are presented in Figure 5. Remarks similar 
to the previous design A can be made with respect to 
the accuracy of the approximate calculations. 

In Figure 3 error estimates of the linear approximation 
A0 + ?A1 of the dominant eigenvalue are given. These 
are obtained by calculating the disks at given in the 
Appendix after the row of matrix T corresponding to 
the dominant ei envalue is multiplied by 7/k and the 

operation leaves the eigenvalues unchanged but makes 
the error bound of the dominant eigenvalue to have a 
quadratic, instead of a linear, dependence on 7 (Wilkin- 
son, 1965). In order to obtain some bound on the criti- 
cal value of 7, 7e, the value of k was chosen so that the 
Gerschgorin disks for the two largest eigenvalues overlap 
and cross the imaginary axis at the same value of 7, 7.. 
The values of 7. are 0.447 (design A )  and 0.257 (design 
B).  These are quite conservative, since in design A the 
system does not destabilize at all and the value for 7c for 
design B is 0.633. However, they serve an important role 
in that they guarantee that the system will not become 
unstable unless 7 becomes larger than 7;. 

corresponding co f umn divided by the same number. This 
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TIS, T2, = steady state temperatures of unlinked reactors 
U = heat transfer coeficient 
V = reactor volume 
X l  = c1 - c1. 

xs = c2 - c2, 
xz = ,el - el, 
x4 = ‘e2 - e2, 

Greek Letters 

u =  
B =  

el = 
e2 = 
? =  

x =  
P =  
r =  

V241/V1qz 
(-AWA,/pcPTf* 

TJTlf  
T2/T2f 
eigenvalue 
density 
tqz/Vz 

measure of heat mtegration 

Subscripts 

H = relating to heat exchanger fluid at inlet 
E = relating to heat exchanger fluid at exit 
1 ,3  = corresponds to the first reactor 
2,4 = corresponds to the second reactor 
s = steady state value 
f = feedvalue 

APPENDIX: ERROR BOUNDS 

In order to build some confidence in the accuracy of the power 
series expansion of the system eigenvalues with respect to the 
measure of integration, it is desired to develop some bounds 
on the error introduced when only the first few terms are 
calculated. Such error bounds might be quite conservative, 
especially when they are obtained without an excessive amount 
of involved calculations. The simplest such method is dbe to 
Gerschgorin (Wilkinson, 1965). At first, n disks with centers 

n 
at aii with radii 2 [aijl are constructed. Then it can be 

j =1  
jfi 

shown that all the eigenvalues of a matrix A = (a i j )  lie inside 
these disks. Furthermore, if m of these disG form a connected 
domain which is isolated from the other disks, it can be proven 
that only m eigenvalues lie in this connected domain. Naturally, 
the most advantageous situation is when all disks are isolated 
from each other, in which case a fairly accurate estimate of the 
eigenvalues is obtained, Let Si denote one of these disks in 
the complex domain: 

Also let Y, denote the set of eigenvalues 

Z = oil, 12, . . ., hn) 

It then follows that 

n 

i=l 
r.c u+pi 

The accuracy of such a method largely depends on the magni- 
tude of the off-diagonal elements of a matrix A. In order to 
apply such an approach to the heat integration problem, we 
wish to first transiorm matrixA(q), given by Equation (371, 
with the help of a similarity transformation matrix H: 

- 

This transformation will not affect the values of the ei en- 
values; that is, the eigenvalues of x( q) and A( Q), as we! as 
those of P and A, are identical. If matrix _H hys as its columns 
the eigenvectors (wi; i = 1, 2, 3, 4 )  of matrix A, then is a 
diagonal matrix with its diagonal elements equal to the eigen- 
values ho of A. By use of matrix theory, one can show that the 
rows of H-1 are equal to (viTwi) -1viT, where viT ( i  = 1, 2, 
3, 4 )  a r e t h e  eigenrows of (eigenvectors of A T ) .  Then the 
entries t i j  of matrix r a r e  given by 

- -  
- 

- 

Then the trCs are equal to the corresponding first-order cor- 
rection terms hl [Equation (A4)] of the eigenvalues. By direct 
application of the method of disks, detailed above, the eigen- 
values of A ( Q )  are in the set + which is the union of disks 
+{ defined <y 

r n 

where bj and l1, i  are the ith values of 10 and hi. Sincex(q)  
is a real matrix, its eigenvalues are identical to the eigenvalues 
of PT( q ) . Then we can define +iT by - 

r n 1 

i = 1,2, . , . ,n  (A4) 

and claim that the eigenvalues of A ( q )  are in the set @’, the 
union of the disks +iT. As a consequence, the eigenvalues 
h ( q )  of A ( q )  will lie in the intersection +, of sets + and 
P. This s e t  +* will depend on the value of q and will de- 
generate to the set (h0,i; i = 1, 2, . . . }  when q + 0. 

- 
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